Game Theory

Thinking Strategically III: Nash Equilibria, Part 2
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Nash Equilibria

Set of strategies, one for each player, such that no
player has an incentive to change their strategy.




Last Time...

Example: Investment Game

Nash Equilibria

Example: Investment Game

Players:  you

Strategies: invest $0 or invest $10

Payoffs:  if you invest $0, you win/lose nothing

if you invest $10, win $11 if >90% invests
win $0 otherwise.

Nash Equilibria

Example: Investment Game

Invest
Refrain

2

invest refrain
1,1 -10,0

0,-10 0,0

Nash Equilibria

Example: Investment Game

2
invest refrain

Invest Cl, 1) -10,0

Refrain | 0,-10 C0,0)




Nash Equilibria
Example: Bank Run

Nash Equilibria

Example: Investment Game
Communication can help!

Invest
Refrain

invest

2
refrain

(@YD)

-10,0

0,-10

Co0y

Nash Equilibria

Example: Investment Game
Communication can help!

2
invest refrain

Invest -10,0

Refrain | 0,-10 [ 0,0)



http://www.youtube.com/watch?v=iPkJH6BT7dM

Nash Equilibria
Example: Stag Hunt

Jean Jacques Rousseau (1712-1778)
The Discourse on the Origin of Inequality

Nash Equilibria
Example: Stag Hunt

2
stag hare

Stag | 3,3 [ 0,2

Hare | 2,0 | 1,1

Nash Equilibria

Example: Stag Hunt

Stag
Hare

2
stag hare

5, 5

2,0

Nash Equilibria
Example: Stag Hunt

2
stag hare
1—>Stag 3,9
Hare | 2,0




Nash Equilibria
Example: Stag Hunt

Nash Equilibria
Example: Stag Hunt

2 2
stag hare stag hare
Stag | 3,3 0,2 Stag | 3,3 0,2
Hare Hare
Nash Equilibria Nash Equilibria
Example: Stag Hunt Example: Stag Hunt
2 2
stag hare stag hare
Stag 0.2 Stag 0,2
Hare 1,1 — Hare 1,1




Nash Equilibria
Example: Stag Hunt

Nash Equilibria
Example: Stag Hunt

2 2 »L
stag hare stag hare
Stag Stag
Hare | 2,0 | 1,1 Hare | 2,0 | 1,1
Nash Equilibria Nash Equilibria
Example: Stag Hunt Example: Stag Hunt
2 Z
stag hare stag h
g - are
Stag | 3,3 | 0,2 Stag ( 3,3 ) 0,2
Hare | 2,0 | 1,1 Hare | 2,0 {{1,1 )




Nash Equilibria

Example: Stag Hunt
Communication can help!

Nash Equilibria

What about this one?

Go
Stay

go stay
3,3 | 0,1
1,0 | 1,1

Nash Equilibria




Nash Equilibria

Communication helps!

Example: The

L] 4
1 Prisoners
Dilemma
Nash Equilibria Nash Equilibria
Example: The Prisoners’ Dilemma Example: The Prisoners’ Dilemma
Is there a Nash Equilibrium? Is there a Nash Equilibrium? 2

!

C
D

C d
2,2 10,3
3,0 | 1,1

CcC|122]0,3
D |30¢(1,1

!




Nash Equilibria

Nash Equilibria
Example: The Prisoners’ Dilemma What might help instead?
Is there a Nash Equilibrium? 2
... What about repeating the game?
Does communication help?
(e.g., “Let’s both choose B!”) C d C d
Why or why not? 1 C 2/ 2 013 1 C 2, 2 0,3
D |30¢(1,1 D |30(11
Coordination Game
2
] ]
Goordination a b«
Games A1 L1100]0.0
1 B|00|11|00
(This is a pure C 0,0 0,0 1,1

coordination game.)




Coordination Game

Coordination Game

Communication helps here too.

2 (But what if you can’t?) 2
a b C a b C
Al1,1|00/{O0,0 A|1,1]001{00
1 B|00]|1,1(00 1 B|00]|1,1]0,0
Nash Equilibria? c|001]00{1,1 c|00]00]{T1,1
Battle of the Wills

Example: Battle
of the Wills

Get into pairs.
Decide who is “Player 1” and who is “Player 2”.




Battle of the Wills

Get into pairs.
Decide who is “Player 1” and who is “Player 2”.

Without talking, write down either “heads” or “tails”.

You win if you write down the same thing.

Battle of the Wills

Get into pairs.
Decide who is “Player 1” and who is “Player 2”.

Without talking, write down either “heads” or “tails”.
You win if you write down the same thing.
Catch: If you both write “heads”, Player 1 wins $2 and Player

2 wins $1. If you both write “tails”, Player 2 wins $2 and
Player 1 wins $1.

Battle of the Wills

H|21|00
i

T |00]1,2

(This is an impure

coordination game.)

Battle of the Wills

Can communication help here?
How? 2

H|21)|00
T |00]1,2

1

(This is an impure
coordination game.)




Battle of the Wills

According to Jeremy Waldron, games like 1
this are the key to understanding politics:

We want to act together in regard to some matter M, but
one of us thinks it is important to follow policy X while
others think it is important to follow policy Y, and none of
us has reason to think any of the others a better judge of the
merits of M than himself...

In these circumstances, the following will not be a way of
settling on a common policy: each does whatever he thinks is
important to do about M. We must find a way of choosing a
single policy in which [we] ... can participate despite our
disagreements on the merits.  [Law and Disagreement, p.107]

h t
2,11(0,0
0,0 | 1,2

Battle of the Wills

What if Player 1 gets to go first?
[First Move Advantage] 2

H| 21|00
T |00 1,2

1

(This is an impure
coordination game.)

The players take turns. They can observe each other’s moves.




Sequential Games

The players take turns. They can observe each other’s moves.

Example: Here is a game in three rounds. Player A goes first,
then Player B, then Player A again.

Sequential Games

The players take turns. They can observe each other’s moves.

Example: Here is a game in three rounds. Player A goes first,
then Player B, then Player A again.

Each player can say either “1” or “2” (someone needs to keep
track).

Sequential Games

The players take turns. They can observe each other’s moves.

Example: Here is a game in three rounds. Player A goes first,
then Player B, then Player A again.

Each player can say either “1” or “2” (someone needs to keep
track).

If the numbers sum to 5, Player A wins; otherwise, Player B
wins.

Sequential Games

The players take turns. They can observe each other’s moves.

Who won?




Sequential Games
The players take turns. They can observe each other’s moves.
Who won?
Player A? Why?
Extensive Form
Sequential Games
Example: )
. A,
Extensive Form <1/ )
B
Represent games with trees rather than tables. . / N @i"1"/ BuiEd
A non
— (5)
AQ
("1"/ B wins! (4)
- o
\ <<1/ P~ Awinsl )
B
,-2"\ (“1“/ Awins! (5)
A

no
T Buwins! (6)




Sequential Games

Sequential Games

Example: (1/ B wins! (3) Example: (1/ B wins! (3)
A A
g F— s @ e “— B
/ B << Choice Nodes / B << Choice Nodes
"on ___— Bwins! (4) "2 ___— Bwins! (4)
10 1"
! ke ' TR Paths/Strategi
T Awins! (5) T Awins! (5) aths/otrategles
AP A<D
, <®i |1"/ B wins! (4) . G: '1“/ B wins! (4)
5 A 3 A
\ " — 2— Awins! (5) \ " " 22— Awins! (5)
B << E <G<
"2 wan_— Awins! (5) 2 ._— Awins! (5)
1" 1"
\A( . \A~€< ”
T Bwins! (6) T Bwins! (6)
Sequential Games Sequential Games
Example: (W/ B wins! (3) Example: (--1--/ B wins! (3)
A A B wins!
1/ 2 @ 1/ — @)
/ B << Choice Nodes / B <<
"2 __— Bwins!(4) "2 —
! \Aﬁi--z-v Paths/Strategi ' \A(--z--
TT—  Awins! (5) aths ategles T Auwins! (5)
A A<D
- A(”"/ B wins! (4) Payoﬁs ” A( —— B wins! (4)
\ "1"/ 2 g (5) \ " — A )
B <G< B <<
non i Awins! (5) 2 w_—— Awins! (5)
1 1
A TAe
T Bwins! (6) T Bwins! (6)




Sequential Games Sequential Games

Example: . Buwinsl(3)

1
B wins! /A(”Z"

e T Bwins! (@)

Example: o Buwins!(3)

. B wins!
g~ T Buwins! (4)

"2" "1"/ B wins! (4) ”1“/ B wins! (4)

A wins! " \A( "

2’
TT—  Auwins! (5)

A wins!
ngn
TT—  Awins! (5)

@

AP A<D
v Buwins! (4) o Bwins! (@)
2" A, 2" A, A wins!
\ "1"/ 2— Awins! (5) \ ,.1../ 22— Awins! (5)
B << B <G<
" o Awins! (5) on ___— Awins! (5)
\ " \ b
- pe - .
T Bwins! (6) T Bwins! (6)
Sequential Games Sequential Games
~
Example: e Binsl 3 Example: o BnSI (@)
A<®i" . B wins! A(" ., B wins!
1/ 2 @ 1/ — @) >
B << B <(<
/ nn . Bwinsl(4) / " . Bwinsl(4)
o \ 1 A wins! g \ 1 ins!
A (2 wins A <@iz A wins!
TT—  Awins! (5) T Auwins! (5) y,
A A<D
S B wins! (4) P B wins! (4) B
"2" A, A wins! "2" A0, A wins!
\ "1"/ . (5) \ "1"/ 2~ (5)
B <@< B << >
2" wgu— Awins! (5) ", win_—— Awins! (5)
TR <e<; A wins! TN @i; Awins!
T Bwins! (6) T Bwins! (6) Y,




Sequential Games Sequential Games ~

A wins!

A wins! \A~6<"
J

Example: s BWinSI(®) Example: o BWINSI@)
A A <®i"2"\ : B wins! o A ‘Gi.,z,.\ _ B wins!
1 B wins! (4) 1 B wins! (4)
B << > B wins! B < >B wins!
/ o . Buwins!(4) / e o Bwinsl(4)
1 \ 1 A wins! P \ 1 Awine
A <®<2 wins A (2 wins!
TT—  Awins! (5) TT—  Auwins! (5)
AD < AQ <
o Bwins! (4) A o Buins! (&) R
2" A, | A wins! 2" A, A wins!
\ "1"/ Z— (5) \ ~-1-/ 2 — (5)
B<< > A wins! B<G< > Awins!
"2 v Awins! (5) } " vpo—— Avwinsl (5) }

v -
T Bwins! (6) T Bwins! (6)

Sequential Games

N I
Example: _ Bwinsl(®)

g
B wins! /A<@<"2"

Sequential Games
Example: _ Bwinsl(3)

s
A
— > )

e
/ B <<
2" n__— Buwins! (4)
- . 1

~—— Bwnst@@) Player Ahas a winning

> B wins! / B <;\ strategy:
o

nqe—"] B wins! (4)

A@i?\ Awins! Acei"z,\ First, say “2”.
Awins! (5) A wins! Awins! (5) R LYA
e y, > wins s If Player B says ”1”, say ”2”,
o Buinsl(4) A e B @) If Player B says “2”, say “1”.
"2" A, A wins! " A0,
\ "1"/ 2 g (5) \ "1"/ A )
. .
£ < ) ' P~ A wins! B << ) _ [First Move Advantage]
2 \ w1 Awins! (5) 2 ~__ e Awins! (5)
A-C_, A wins! A,

2 pE— (6) D, / 2~ Bwinsl )




Sequential Games

Example: s BWinSI(®)
A,
.,1../ #— gwnsi@ Player A has a winning
B << strategy:
/ "2"\ "1"/ B wins! (4)
"o A<®<,,2,,\ _ First, say “2”.
BS AWSIGI 1f Player B says ”1:’, say “2:’;
o BuinsI @ If Player B says “2”, say “1”.
2 i o=

2
Sk T Awins! (5)

We solved this game using

"2 in_— Awins! (5) . .
1 backwards induction.

v
T Bwins! (6)

Sequential Games
Example: Dividing the Cake Game.

1t A tisan

Sequential Games
Example: Dividing the Cake Game.

ICut

You Choose

[0ato B Artiaan

Sequential Games

Example: Hungry Lion Game.




Commitment Strategies

Example: Burning Your Ships (and other commitment
strategies)

Commitment Strategies

Example: Burning Your Ships (and other commitment
strategies)

2
Hawk/Dove Game

d

. H | -1-1]10,0
D

5,5

Commitment Strategies

Example: Burning Your Ships (and other commitment
strategies)

2
Hawk/Dove Game
h d
3 H | -1,-1] 10,0
D | 0,10 5.0

But Player 2 moves first...



http://www.youtube.com/watch?v=aicOJcZutK0

Commitment Strategies

Example: Burning Your Ships (and other commitment

Commitment Strategies

Example: Burning Your Ships (and other commitment
strategies) strategies)
2
Hawk/Dove Game Hawk/Dove Game
h d h d
But Player 2 moves first... But Player 2 moves first...
Y , H|[-1-1]10,0 ., H|[-1,-1]100
What will happen? D 0,10 5,5 What will happen? D 0,10 5,5
What could Player 1 do to gain an advantage?
Commitment Strategies Commitment Strategies
Example: Burning Your Ships (and other commitment Example: B (and other commitment
strategies) strategies)
Pl 1 could “burn their ships” 2 Pl 1 ips” 2
ayer 1 cou urn their ships”. ayer 1 cou ips”:
h d h d
” H| -1,-1]10,0 2 H| -1,-1|10,0
D | 0,10 | 5,5 D | 0,10 | 55

Make it so that they cannot play D (even if they wanted to).




Commitment Strategies Commitment Strategies

Example: The Doomsday Device (from Dr. Strangelove or: How Example: The Doomsday Device (from Dr. Strangelove or: How
I Learned to Stop Worrying and Love the Bomb) I Learned to Stop Worrying and Love the Bomb)



http://www.youtube.com/watch?v=VEB-OoUrNuk
http://www.youtube.com/watch?v=VEB-OoUrNuk
http://www.youtube.com/watch?v=ozg7gEchjuM

